Abstract. Let E be a real inner product space of dimension at least 2. We show that both the set of all orthogonally additive functions mapping E into E having orthogonally additive second iterate and its complement are dense in the space of all orthogonally additive functions from E into E with the Tychonoff topology.
Introduction
Let E be a real inner product space of dimension at least 2.
A function f mapping E into an abelian group is called orthogonally additive, if f (x + y) = f (x) + f (y) for all x, y ∈ E with x ⊥ y.
It is well known, see [6, Corollary 10] and [4, Theorem 1] , that every orthogonally additive function f defined on E has the form
where a and b are additive functions uniquely determined by f . According to [1, Theorem 2.1], if both f : E → E and its second iterate f 2 are orthogonally additive, and f (E) = E, then f is additive. But what about an orthogonally additive f : E → E with orthogonally additive second iterate without assuming that f is surjective? We are going to consider this problem from a topological point of view. To this end given a non-empty set S consider the set E S of all functions from S into E with the usual Tychonoff topology, put
and, for S ∈ {R, E}, 
The result
It reads as follows.
and its complement are dense in Hom ⊥ (E, E).
We base the proof on two lemmas.
Lemma 2.2. The set
is dense in Hom(R, E) × Hom(E, E).
Proof. Fix non-empty open sets U ⊂ Hom(R, E) and V ⊂ Hom(E, E).
To show that U × V meets set (3) we may assume that
Let H R ⊂ (0, ∞) be a basis of the vector space R over the field Q of all rationals containing all the terms of a sequence (β n ) n∈N which converges to 1 (see, e.g., [5, Lemma 4.2.1]), and H E be a basis of the vector spaces E over the field Q. There are finite sets
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be rationals such that
Fix a 0 ∈ U, b 0 ∈ V, and let e 1 , . . . , e M be an orthonormal basis of the linear space Lin R (a 0 (H
(If this space contains only zero, then we consider only one unit vector e 1 ∈ E.) Then
Since a 0 (α n ) ∈ U n and b 0 (x n ) ∈ V n for n ∈ {1, . . . , N}, there are rationals σ
Let a : R → E and b : E → E be additive functions such that
with some rationals ρ α and r x , whence
It shows that (a, b) is in the set (3). Moreover, for every n ∈ {1, . . . , N},
and so (a, b) is also in U × V.
Lemma 2.3. The set
is dense in Hom(R, E).
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Proof. Fix a non-empty open subset U of Hom(R, E).
To show that U meets the set (5) we may assume that it has the form (4) with some α 1 , . . . , α N ∈ R, open subsets U 1 , . . . , U N of E and N ∈ N. Let H ⊂ (0, ∞) be a basis of the vector space R over the field Q, consider its finite subset H 0 such that α n ∈ Lin Q H 0 for n ∈ {1, . . . , N}, let a 0 be an element of U, fix α 0 ∈ H\H 0 and a unit vector e of E. To end the proof it is enough to observe that any additive function a : R → E such that a(α) = a 0 (α) for α ∈ H 0 and a(α 0 ) = √ α 0 e belongs to U and, since a( a(α 0 ) 2 ) = a(α 0 ) = 0, to the set (5).
Proof of the theorem. If f : E → E has the form (1) with additive a : R → E and b : E → E, then
for x ∈ E. It shows that the operator Λ : Hom(R, E) × Hom(E, E) → Hom ⊥ (E, E) which to any (a, b) ∈ Hom(R, E)×Hom(E, E) assigns the orthogonally additive f : E → E given by (1) maps the set (3) into (2). Since (see [2, Theorem 1]) Λ is a homeomorphism, the density of the set (2) follows from Lemma 2.2.
To prove that also the complement of the set (2) is dense in Hom ⊥ (E, E) denote the set (5) 
for every x ∈ E and a( a(α) 2 ) = 0 for some α ∈ (0, ∞). Replacing x by rx with rational r in (6) we obtain the equality of two polynomials in r, whence, in particular, a a( x 2 ) 2 = 0 for x ∈ E.
On the other hand for any unit vector e ∈ E we have a a( √ αe 2 ) 2 = a( a(α) 2 ) = 0, a contradiction.
The reader interested in further problems connected with orthogonal additivity is referred to the survey paper [7] by Justyna Sikorska.
